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ABSTRACT

The ternary quadratic Diophantine equation 2(x% + yz) - 3xy = 1127 is analyzed
for its patterns of nonzero distinct integral solutions. A few interesting properties among
the solutions and polygonal numbers are presented.
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INTRODUCTION
A Diophantine Equation is an equation relating integer (or sometimes Natural number or
Whole number) quantities. Finding the solution or solutions to a Diophantine equation is
closely tied to modular arithmetic and number theory. Often when a Diophantine equation
has infinitely many solutions, parametric form is used to express the relation between the
variables of the equation. Diophantine Equation are named for the ancient Greek/
Alexandrian Mathematicians Diaphanous.
The Ternary Quadratic Diophantine Equation offers an unlimited field for research because
of their variety [1, 2]. For an extensive review of various problems, one may refer [2-10].
This communication concerns with yet another interesting Ternary Quadratic Equation
2(x2+y2)—3xy:1 1% for determining its infinitely many non-zero integral solutions. Also, a

few interesting relations among the solutions are presented.
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1. METHOD OF ANALYSIS
The ternary quadratic equation to be solved for its integer solution is
2(x* +y?) = 3xy = 117
The substitution of linear transformations,
X=u+v,y=u-—v
in (1) leads to
u’+7v =11z7
METHOD: 1.1
Assume that,
z=d +7b%a, bt 0
And write 11 in (1) as,
11= (2 +iV7)(2—iV7)
Using (4) & (5) in (3) and applying the method of factorization,
W+ V= (@ +TV) (2 +iV7)(2-iV7)
Define from (6),
ut iN 7v = (2+iV7) (a + iV7b)’
(u—iN7v) = (2 —iV7)( a—iV7b)
Equating the real and imaginary parts, we have
u =u(a,b) = 2a° — 14b* — 14ab
v=v(ab)=d - 7b + 4ab
Then using (2), the values of x and y are given by,
x= x(ab) = 3da’ - 21b" — 10ab
y = y(ab) =da’ - 7b° — 18ab

As our aim is to find integer solutions, choose a and b so that x and y are integers.

Properties: 1.1
a. x(a,l)—ty,— 16, =0(mod 7)
b. z(a,a+1)—tipa— ti0qa =0(mod 7)
c. Y(1,b)+ tsp—tigp =1(mod 2)
d. z(1,b) —x(1,b) — ti64— tag,a =0(mod 2)

METHOD: 1.2
Write (3) as

€]

2

3)

“4)

®)

(6)



J.Sherly Romilla & A.Srimathi ., (Aug 2016) .,Int.J.Res.Ins.,Vol 3 (Issue 2)., pp.448-451.

W’ — (22 = 7(Z V)

.. .. . u—-2z T(z+v) «
Factorizing the above, it is written = ( ) =—as,B#0
z-v  u+2z f

which is equivalent to the following two equations,
—ou +7pv + (78— 2a)7 = 0 (7
Pu+ov— (26 + 20)z =0 ()
By applying the method of cross multiplication, we get the integral solutions of (1) to be
x =30 - 21B% - 1003
y=o’- 7B - 18af
z=-0’- 7[32
Properties: 1.2
a. x(1,B) + t3op+ ti14p =0 (mod 3)
b. x(a,1) + z(a,1) — tgq - t4.4 = 0 (mod 2)
c. z(Q,0A+1) + ty o + tisq =0 (mod 7)
d. y(1,B) + tsg + tijog = 1 (mod 3)
METHOD: 1.3
Write (3), in the form of ratio as

(u+2z):7(z+v):g
(z—=v) @-22) B B=z0

which is equivalent to the
following two equations,
- o +7Bv + Qa+7B)z =0 9
Bu+av+2B-a)z=0 (10)
By applying the method of cross multiplication, we get the integral solutions of (1) to be

x = x(a,B) = - o +7p* -18aip

y = y(ouB) = -30 + 21B* - 100
z=z(0.p)=- o> = 7p*
Properties: 1.3
a. x(1,B) —tgp - tiop = 1(mod 3)
b. y(a,1) + t4,¢ +t6.o. = 0 (mod 7)
c. z(B+1.B) + tap + tigp =1 (mod 2)
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d. x(1,B) + y(1,B) — tigp - tso,p = O(mod 4)
CONCLUSION
We conclude that, there is no general rule on which method to use and the best way to
gain experience is by practice. Some of the methods to solve ternary quadratic
Diophantine equation is illustrated. One may search for other methods of solutions and
their corresponding properties.
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