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ABSTRACT

This paper attempts to propose a new method of computing approximation of the solution for
fuzzy differential equation with initial conditions using Runge-Kutta Ralston in order to
increase the order of the accuracy of the solution. This method is discussed in detail followed

by a complete error analysis.
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1. Preliminaries

Consider the initial value problem
y'(t) ={f (t,y(t), to<t<b

y(to) = Yo (2.1)

We assume that
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1. f(t, y(t)) is defined, continuous in the strip with to<t<b, -co<y<oo with to and b are
finite.
2. There exists a constant L such that for any t in [to, b] and any two numbers y and y*

fey)-fly ) <ty-y

These conditions are sufficient to prove that 3 on [to, b] a unique continuous
differentiable function y(t) satisfying (2.1)
The basis of all Runge-Kutta methods is to express the difference between the value
m
of y at trvs and th as Ypqu — Yo = Zwiki ; Where w; are constant and ki = hf(t,+aih,yn +
i=0

1
c.k:)
1

AV
J:

Most efforts to increase the order of accuracy of the Runge-Kutta methods have been
accomplished by increasing the number of Taylor’s series terms used and thus the number of
functional evaluations required [5]. The method proposed in [16] introduces new terms
involving higher order derivatives of ‘f” in the Runge-Kutta ki terms (i > 1) to obtain a higher
order of accuracy without a corresponding increase in evaluations of f, but with the addition
of evaluations of ‘f* by Runge-Kutta Ralston method for autonomous system proposed in
[16].

Consider Y(tn+1) = Y(tn) + Wiks + woks + wsks + waks  where
k1 = hf(tn, y(tn))
k2 = hf(ta+c2h, y(tn)+a21ky)
ks = hf(th+csh, y(tn)+asiki+aszk)
Ks = hf(ta+cah, y(tn)+asiki+aszko+assks)
Utilizing the Taylor’s series expansion techniques, Runge-Kutta Ralston method is given by,
Yn+1 = Yn + 0.17476028 k1 - 0.55148066 k2 + 1.20553560 k3 + 0.17118478 ka
k1 = hf(tn, y(tn))
k2 = hf(ta+ 0.4h, y(tn) + 0.4 k1)
ks = hf(t+ 0.45573725h, y(tn) + 0.29697761 ki1 + 0.15875964 k>)

ks = hf(to+ h, y(ts) + 0.21810040 ki — 3.05096516 k; + 3.83286476 ks)
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Definition — 1.1

A fuzzy number u as a fuzzy subset of R ie) u: R = [0, 1] satisfying the following
conditions.

i). uisnormal,ie 3 XxoeR > u(x0) =1
il). uis a convex fuzzy set ie) u(tx + (1-t)y) > min{u(x), u(y)}, vt e [0, 1]and X,y € R
iii).u is upper semi continuous on R
iv). {x € R,u(x)> 0} is compact
The set E is the family of fuzzy numbers and arbitrary fuzzy number is represented by

an ordered pair of functions (g(r), a(r)), 0 < r < 1 has satisfies the following requirements

g(r) is a bounded left continuous non-decreasing function over [0, 1] w.r.to any ‘r’.
G(r) is a bounded right continuous non-increasing function over [0, 1] w.r.to any ‘r’.
u(r) < u(r), 0<r <1, r-level cut is [u]r = {x/u(x) > r}, 0 < r <1 as a closed &

bounded interval denoted by [u], = [g(r), G(r)] and [u]o = {x/u(x) > 0} is compact.
Definition — 1.2

A triangular fuzzy number u is a fuzzy set in E that is characterised by an ordered
triple (ui, Ue, u) eR® with uj <uc <ur such that [u]o = [ur : u] and [u]1 = [uc]. The membership
function of the triangular fuzzy number u is given by

LU <x<u,
uc_ul
u(x)=11 X =U, and we will have
u, — X
U, <x<u,
ur_uc

u>0ifu>0,u=0ifu>0,u<0ifuc<O0andu<0ifuc<0

Let | be a real interval. A mapping y : | = E as called a fuzzy process and its o -

level set is denoted by [y(t)]a - [X(t’ Y)S/(t, Y)] t e l,0<a <1 The Seikkala derivative y(t) of

1 -1
a fuzzy process is defined by [yl(t)]a =b/ (t, y),y (t, Y)
defines fuzzy number as in [12]. Foru,v € Eand A € ‘R, the u + v and the product Au can be
defined by [u + V]o = [u]e + [V]o @and [AU]e = A[u]e where o € [0, 1], [u]a + [V]« means the

,tel,0<a<|provided the equation

International Journal of Research Instinct

{www.injriandavancollege.co.in )



S.Rubanraj & P.Rajkumar., (Aug 2016) .,Int.J.Res.Ins.,VVol 3 (Issue 2)., pp.438-447.

addition of two intervals of R and [u].. means the product between a scalar and a subset of ‘R.
Arithmetic operation of arbitrary fuzzy numbers

u= (u(r),

i). u=vif u(r)=v(r)and u(r)

ii). u+v = (u(r)+v(r)u(r)+v(r

u(r)) and v = (\_/(r), \_/(r)) and A € R can be defined as

v(r)
)

N—"

ii).u-v = (u(r)-(r)u(r)-v(r)
iv). AU = ( g(r),/la(r)) if >0
= (au(r), Au(r)) if 2 <0

2. A Fuzzy Cauchy Problem

Consider the fuzzy initial value problem
y'(t) ={f (t,y(), 0<t<T

where f is a continuous mapping from R x R = R and yo € E with r-level sets

[yolr = [X(Oi l’), 9(0 : I’)] r € [0, 1]. The extension principle of Zadeh leads to the definition
of f(t, y) then y = y(t) is a fuzzy number.

f(t, y)(s)=sup{y(x)\s=f(t, 1)}, s € R
[f(ty)], =E(L y:r) f(ty: r)], rel0, 1]

It follows that
flty:r)= min{f (t,u)\u e b/(r) y(r))
(t,y:r)=max{f(tu)\ue b/(r) y(r))

Theorem:

Let f satisfy ‘f(t,v)— f(t,\_/] < g(t,‘v—\_/‘), t>0andv, v e R, where g: R+ X R+ > R+ is

a continuous mapping such that r = g(t, r) is non-decreasing an initial value problem has a
solution on R+ or ug > 0 and that u(t) = 0 is the only solution of (3.3) for uo = 0 then the fuzzy
initial value problem (3.1) has a unique fuzzy solution.

u*(t) = g(t, u(®)), u(0) = uo
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3. Runge—Kutta Ralston Method

Let the exact solution of the given equation [y(t)]r= b/(t : I‘), §(t : I’)] is approximated

by some [y(t)]r = [y t I’ (t I’)] and we define

Yty ir)-y(t, ir)= Z:Wiﬁ

Where wi’s are constant and
[k, (t, y(t,r)) [k (t, y(t,r))k, (¢, y(t,r))]where i=1,2 3and4
ﬁ(t,y(t:r)) f{t,, y(t, 1))
ki(t,y(t:r)=hf{t,, y(t, :7))
K, (t, y(t:r))=nhf(t, +0.4h, y(t, : r)+0.4k, )

K, (t, y(t:r)) = hf (¢, +0.4n, y(t, : r)+0.4k;)

ky(t, y(t:r))=hf (¢, +0.45573725h, y(t, :r)+0.29697761k, +0.15875964K, )

K (t, y(t:r)) ( . +0.45573725h, y(t, : r)+0.29697761k, + 0.158759645)

K, (t, y(t:r))=hf(t, +h, y(t, : r)+0.21810040k, —3.05096516k, -+ 3.83286476K,

N—

K, (t, y(t:r)=hft, + h, y(t, : r)+0.21810040k, —3.05096516k, + 3.83286476k, )

F(t,y(t:r)) = 0.17476028 k; - 0.55148066 k, +1.20553560 k, +0.17118478 k,

G(t,y(t:r)) = 0.17476028 k, - 0.55148066 k, + 1.20553560 k, +0.17118478 k,
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The exact and approximate solution at tn, 0 < n < N are denoted by

[Y(t)] = [X(tn ) Y(t,: r)] and [y(to)]: = [X(tn 1)y, r)] respectively.

b-a
The solution calculated by grid pointsata=to<t1 <t <...<tv=band h= T

= tp+1 — tn. Therefore we have

y(t,, :r)=ylt, :r)+ Fltn’z(tn 1)

V(tya )= ylt, :1)+Glt,, ¥k, 1)
To show the convergence of these approximation

ie) lim y(t:r)=Y(t:r) and

lim yt:r)=Y(t:r)
Lemma:
Let a sequence of numbers W}, satisfy W,.,,| <AW,| + B, 0<n <N -1 orsome

given positive constants A and B then \W,| < A" W, |+B ': _11, 0<n<N-1[13]

Lemma:

Let a sequence of numbers W}, and {V}', satisfy the condition

W,.,|<W, | +Amax W, |V, [}+B and N,.[<V,|+A max{w ||V,[}+B for some given

positive constants A and B and denote Un = |Wh| + [V, 0<n<Nwhere A=1+2Aand B
=2B

Theorem:

Let F(t, u, v) and G(t, u, v) belongs to C*(K) and let the partial derivatives of F and G
be bounded over K, then for arbitrary fixed value r, 0 < r < 1 are approximate solutions

converge to the exact solutions of Y (t, :r) and Y(t, : r) uniformly in t.

Numerical Example

Consider y(t) = y(t), t € [0, 1] with y(0) = (0.75 + 0.25r, 1.2 - 0.20r) where 0 <r <1
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Solution: The exact solution is given by X(t : r) = X(t : I‘)et & )_/(t X r)= §(t : r)et, att=1,

y(1:r)=[(0.75+0.25r)e,(1.2-0.2r)e], 0<r<1. The exact & approximate solution obtained by the
Runge-Kutta Ralston method and Euler method with h=0.1 are given below

Table-5.1

Exact Solution Runge-Kutta Ralston Euler Method

Y

Y

Y

Y

Y

Y

2.31053955
4

2.99011001
1

2.038709878
9

3.261935949
3

1.94530665
9

3.11249113
1

2.35131378
2

2.96292719
3

2.106666803
4

3.207569599
2

2.01015043
3

3.06061601
6

2.39208800
9

2.93574437
5

2.174623966
2

3.153204441
1

2.07499408
7

3.00874090
2

2.43286223
7

2.90856155
7

2.242580652
2

3.098838806
2

2.13983726
5

2.95686602
6

2.47363646
4

2.88137873
8

2.310538053
5

3.044473171
2

2.20468115
8

2.90499162
7

2.51441069
1

2.85419592

2.378494978
0

2.990107774
7

2.26952409
7

2.85311698
9

2.55518491
9

2.82701310
2

2.446451902
4

2.935742378
2

2.33436799
1

2.80124187
5

2.59595914
6

2.79983028
3

2.514408826
8

2.881376266
5

2.39921188
4

2.74936676

2.63673337
4

2.77264746
5

2.582365751
3

2.827010393
1

2.46405553
8

2.69749212
3

2.67750760
1

2.74546464
7

2.650322675
7

2.772645473
5

2.52889895
4

2.64561748
5

2.71828182
9

2.71828182
9

2.718279838
6

2.718279838
6

2.59374260
9

2.59374260
9
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The error between the approximate solution by Euler method and the exact solution
and also the error between the approximate solution by Runge-Kutta Ralston method and the
exact solution of the problem are listed below.

Table -5.2

Exact Solution

Runge-Kutta Ralston

Y

Y

Y Y

0.0

0.2718296751

0.2718259383

0.365232895 | 0.122381120

0.1

0.2446469786

0.2446424062

0.341163349 | 0.097688823

0.2

0.2174640428

0.2174600661

0.317093922 | 0.072996527

0.3

0.1902815848

0.1902772492

0.293024972 | 0.048304469

0.4

0.1630984105

0.1630944332

0.268955306 | 0.023612889

0.5

0.1359157130

0.1359118547

0.244886594 | 0.001078931

0.6

0.1087330166

0.1087292762

0.220816928 | 0.025771227

0.7

0.0815503192

0.0815459835

0.196747262 | 0.050463523

0.8

0.0543676227

0.0543629281

0.172677836 | 0.075155342

0.9

0.0271849253

0.0271808265

0.148608647 | 0.099847162

1.0

0.0000019904

0.0000019904

0.124539220 | 0.124539220

Figure —5.1
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0.1+ /

5. CONCLUSION

In this work, we have used the proposed fifth order Runge-Kutta Ralston method to

find the numerical solutions of fuzzy differential equations. Taking into account the
convergence order of the Euler method is O(h), a higher order of convergence O(h®) is
obtained by the proposed method and by the method proposed in [15]. Comparison of the
solutions of example shows that the proposed method gives a better solution than
the Euler method.
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