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ABSTRACT

In this article, we define the algebraic structures of interval valued intuitionistic
fuzzy subgroups and some related properties that are investigated. The purpose of this
study is to implement the fuzzy set theory and group theory in interval valued
intuitionist fuzzy subgroups and Characterizations of interval valued intuitionistic

fuzzy level subsets of a interval valued intuitionistic fuzzy subgroups of a group.
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1.INTRODUCTION

After the introduction of the concept of fuzzy sets by L.A.Zadeh [1], researchers were
conducted the generalizations of the notion of fuzzy sets, A. Rosenfeld [2] introduced the

concept of fuzzy group and the idea of “intuitionistic fuzzy set” was first published
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by K.T. Atanassov [3,7]. W.D.Blizard [4] introduced the concept of fuzzy multi-set
theory.Also Shinoj. T.K and Sunil Jacob [5] produced some results in Intuitionistic Fuzzy

Multi-sets.P.K.Sharma discuss («, B)-cut of Intuitionistic Fuzzy groups in 2014[6].In this
chapter we define interval valued intuitionistic fuzzy sets and interval valued intuitionistic
fuzzy subgroups and some of their properties

2. PRELIMINARIES

2.1 Definition: Fuzzy Set

Let X beanon-empty set. A fuzzyset A on X isamapping A: X —[0,1] and is defined

as A={xe X /(x,u(x)}

2.2. Definition: Image

Let X and Y be any two sets.Let f:X —Y be afunction. If 4 is a fuzzy set on X
then the image x under f is afuzzyseton Y and is defined by

f()(y)=v(y)= Sup  u(x), VyeY iscalledimage of z under f
xef(y)

2.3. Definition:  Pre-image

Let X and Y be any two sets. Let f:X —Y ba function. If S is a fuzzy set on Y then

the preimage of S under f isa fuzzy set on X & is defined by

(F1(S)(¥)=S(f(x)
2.4. Definition: Level Fuzzy Subset
Let A beafuzzysubsetofasetX. Forte[0,1], A ={xeX/A(x)=t}is called a level

fuzzy subset of A
2.5. Definition: Fuzzy Multi set
Let x beanon-empty set. A Fuzzy Multiset (FMS) A drawn from X is characterized by

a function ° Count membership’ of A denotred by cm, such that CcM,:Xx -Q where
Q is the set of all crisp finiteset drawn from the unit interval [0,1].Then for any xeX,

the value c™M,(x) isa crisp multiset drawn from [0,1]. For each xe X, the membership
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sequence is defined as the decreasingly ordered sequence of elements in CM,(x). Itis

2.6. Definition: Intuitionistic Fuzzy set (IFS)

Let X be a nonempty set. An Intuitionistic Fuzzy set A on X is an object having
the form

A={(X, 1,(),74())/ xe X}, where z,:X —[0,1] & y,:X —>[0,1] are the degree of

membership and non- membership functions respectively with 0< z, (X)+y,(x) <1

2.7. Definition: Interval Valued Fuzzy Set (IVFS)

Let [1] be the set of all closed subintervals of the interval [0,1] and
M =[M_,M;]e[I]where M_and M, are the lower extreme and upper extreme,
respectively. For aset X,an IVFS A on X is given by

A={(x,M,(x))/xe X}
Where the function M,:X —[0,1] defines the degree of membership of an element
xto A,and M, (X)=[M, (X),M,,(x)] called an interval- valued fuzzy number

2.8. Definition: Interval Valued Intuitionistic Fuzzy Set (IVIFS):
For aset X, an IVIFS A on X is an object having the form

A={(x,M,(x),N,(x))/xe X} where M,:X —[1] and N,:X —[l] represents the
degree of membership and non- membership, 0<Sup(M,(x))+Sup(N,(x))<1, for every
xeX. M) =[M, (x),M,, ()] and N,(x) =[N (x),N,, (X)]

Hence A={[M, ()M, ()],[Na (), N, ()]}

2.9.Properties of IVIFS

Let A={(x,M,(x),N,(x)})/xeX}and B={(x,My(x),Ng(x))/xeX} be any two IVIFS

of X, then
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(1). AcB &M, (X)<Mz(X) & N,(X)=Nz(X) VX yeX
(2. A=B oM, (X)=M(x) &N,(X)=Nz(x) Vx,yeX

(3). ANB ={<x,(MAmMB)(x),(NAmNB)(x)>:x6x}where
(M Mg)(X) =Min{M ()M, (X) | =M, (x) AMg (X)
(N, AN ) (%) = Max {N ()N (X) } = N, (X) v Ng (X)

(4). AUB :{<x,(MAuMB)(x),(NAuNB)(x)>:XeX}Where
(M, UM, ) (x) = Max (M ,(x), Mg (X) } =M, (x) v M, (x)
(NAUNg) (%) = Min {NA(x),Ng(x) } = N, (%) A N5 (X)

(). If A={(x,M,(X),N,(x)):xe X}, then

(A) =A={(x1-M,(x),1-N, (X)) : x e X }

2.10. Definition: Fuzzy subgroup
Let G beagroup. Afuzzy subset A of G is said to be a fuzzy subgroup of G if

(i)-A(xy) > Min { A(x), A(y)}
(ii).A(x 1)* Ax) "xyi G

2.11. Definition: Anti Fuzzy subgroup
Let G beagroup. Afuzzy subset A of G issaid to be an anti-fuzzy subgroup of G if

(i) A(xy) < max { A(x), A(Y) }
(). AX H=Ax) "xvyiG

2.12. Definition: Multi Fuzzy subgroup

Let Gbe agroup. A multi-fuzzy subset A of G issaid to be an multi-fuzzy subgroup of
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G |if

(i)-A(xy) > min { A(x), A(y) }

(ii).A(x 1) AX) "xyl G

2.13. Definition: Multi —Anti Fuzzy subgroup

Let G bea group. A multi-fuzzy subset A of G issaidto bean multi-anti-fuzzy subgroup

of G Iif
(i). A(xy) < Max { A(x), A()}
(ii).A(x 1)* Ax) "xyi G

2.14. Definition: Intuitionistic Fuzzy subgroup

An IFS  A={(x,u(x).v(x)):xex} of a group G is said to be intuitionistic fuzzy
subgroup of G(Inshort IFSG) if

(). p(xy) = p(x) A p(y)

(if). w(x) = p(x)

(iii). v(xy) <v(x) v v(y)

(iv). v(x ) =v(x), forall xyiG
2.15. Definition: Multi-Intuitionistic Fuzzy subgroup (Inshort MIFSG)

An MIFS  A={(x4,(9,v,(x)):xex} of a group G is said to be multi- intuitionistic
fuzzy subgroup of G (Inshort MIFSG) if

() an (Xy) 2 11y (%) A 15 (Y)

(iD). g2 () = g1, ()

(iii). VAi (Xy)SVAi (X)VV,Ai (y)

(). v, (x*1)=vﬁ (x), forall xyic

2.16. Definition: Intuitionistic Fuzzy Normal Subgroup (IFNSG)
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An IFSG A:{(x, 1(X),v(x)):xe X} of a group Gis said to be intuitionistic fuzzy normal
subgroup of G (IFNSG) if

(D). u(xy) = p(yx)

(ii). v(xy)=v(yx) for all x,yi G

2.17. Definition: Interval Valued Intuitionistic Fuzzy Subgroup (In short IVIFSG)

An IVIFS A={(x,M(x),N(x)):xe X} of a group G is said to be interval valued

intuitionistic fuzzy subgroup of G (Inshort IVIFSG) if
(). M(xy)=M(x) A M(y)

(ii). M(x ) =M (x)

(iiN). N(xy) <N(x) v N(y)

(V). NKH) =N, forall xyi G

2.18. Definition: Interval Valued Intuitionistic Anti FuzzySubgroup (In short
IVIAFSG

An IVIAFS A={(xM(x).N(x)):xex} of a group G is said to be interval valued
intuitionistic anti fuzzy subgroup of G (Inshort IVIAFSG) if

(D). M(xy)<M(x) v M(y)

(ii). M(x™) =M(x)

(iii). N(xy) = N(x) A N(y)

(iv). N(x)=N(x), forall xyic
Theorem:3.1

Let A be IVIFSG of a groupG and 'e' is the identity element of G then
H.M(x)<M(E) & N =N(e)

(ii). The subset H, ={xe A/M(x)=M(e)} is a subgroup of G

(iii). The subset H, ={xe A/N(x)=N(e)} is a subgroup of G

Proof:

Let A be anIVIFSG of a groupG and eeG
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Let xeA=>xeG

Now, M (x)=Min{M (x),M(x)}
= Min{M (x), M (x_l)} as Aisa IVIFSG

<MK ) = M(e) as Aisa IVIFSG

Hence M(x)<M(e), vxeG
Let xeG
Now, N(x)=Max{N(x),N(x)}

= Max {N(x), N(x ™)}

>N(xx') =N(e)
Hence N(X)>N(e), VxeG
(ii). Let H; = {xe AIM(X)=M(e)}
Clearly H, is non-empty
Let x,yeH,=MX)=M(y)=M(e)
Now, M (xy~1)>Min {M (), M (y_l)}
=Min{M(x), M(y)}
=Min{M(e),M (e)}

=M(e)
That is M(xy')>M(e) and obviously M(xy™)<M(e)

Hence M (xy_l) =M(e) :>xy_1 € Hl = Hlis a subgroup of G
(ii). Let H, ={xe A/N(x)=N(e)}
Clearly H, IS non —empty

Let x, yeH2:>N(x):N(y):N(e)
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Now, N(xy™)<Max{N(x),N(y™)}

= Max {N(x), N(y)}

=Max{M (e),M(e)}

=N(e)

That is N(xy*)<N(e) and obviously N(xy™)>N(e)

Hence N(xy ") =N(e) =xy " eH,= H,is asubgroup of G

Theorem: 3.2

Let A be a IVIFSG ofagroup G iff A° isa interval valued intuitionistic anti-

fuzzy subgroup of agroup G
Proof:
Suppose A is a IVIFSG of a group G

Then Vx,yeG, M(xy)>Min{M(x),M(y)} & N(xy)<Max{N(x),N(y)}

& 1-M°(xy)=Min{1-M®(x),1-M ()} & 1-N°(xy)<Max{1-N®(x),1- N (y)}
& MC(xy)<1-Min{1-M°(x),1-M ()} & N°(xy)=1-Max{1-N°(x),1-N (y)}
e ME(xy)<Max{ME(),ME(y)} & NE(xy)=Min{N®(x),N (y)}

We have M(X)=M(x?) vxeG &  We have N(X)=N(x") vxeG
<=1-MC(x) =1-M%(x?) & 1-N¢(x)=1-NC(x?)

Hence AS isa interval valued intuitionistic anti-fuzzy subgroup of a group G

Theorem: 3.3
Let A bea IVIF subgroup of a group G and 'e'is the identity element of G

then

MOy ™) =M(E)=>MX)=M(y) & N(xy™")=N(E=N(x)=N(y) Vx,yeG

Proof:

Let A bea IVIF subgroup of a group G and 'e' is the identity elementof G This

implies
(). M(xy) =M (x) A M(y)
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(ii). M(x ") =M (x)

(iii). N(xy) <N(x) v N(y)

(V). NKH) =N, forall xyi G

Let MOy )=M(E) VX yeG
M-y

=M(xy™*(y)) as G is a group, Associative property hold

>Min{M (xy*),M(y)}, as A is a IVIFSG

=Min{M (e),M (y)}

=M(y) =M(X)=M(y)........ D)
Now, M(y)=M(y™)
=M(ey™)

From (1) & (2), M(x)=M(y), Vx,yeG
Similarly, Let N(xy))=N(e)  Vx,yeG
Now , N(x):N(x(y*ly))

=N(xy*(y))

SMax{N(xy‘l),N(y)}
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=Max {N(e),N(y)}

= N(y) = NX) <N(Y)......(3)
Now, N(y)=N(y™")

=N(ey™)

N (%))

From (3) & (4), N(x)=N(y), Vx,yeG
Theorem : 3.4

Ais an IVIFSG of a group G if
& Ny ™) <Max{N(X),N(y)} wxyeG

Proof:
Let A beaIVIF subgroup of a group G

implies

(). M(xy) =M (x) A M(y)

(ii). M(x") =M (x)

(iii). N(xy) < N(x) v N(y)

(iv). N(xH)=N(x), forall x,yi G
Now, M (xy™)>Min{M(x),M(y™)}

=Min{M (x), M (y)}

and only M(xy™")=min{M(x),M(y)}

and ‘e’ is the identity element of G This
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< M((xy™)=Min{M(x),M(y)}

Similarly, Now, N(xy™)<Max{N(x),N(y™)}
= Max {N(x), N(y)}

< N(xy™) <Max{N(x), N(y)}

2.19. Definition: Interval Valued Intuitionistic Fuzzy Level subsets

Let A={(x,M,(x),N,(x))/xeX} be a IVIFS on X.Then for a,BeD[0,1], the set

AT ={xe X IM,(X)>a and N,(x)< S} is called the (e, f)-level subsets of A
.The sets is called the upper and lower level subsets of A, respectively. Clearly
AT =U (M,,a)"L(N,, B).Also the set AT ={xeX/M,(x)>a and N,(x) <A} is

called the strong level subset of A
Proposition:3.2
If A and B be two IVIF level setsof a universe set x ,then the following holds

(i). A[a'ﬂ] c A[5'0]

if a>5sand p<0
(ii). ABPA o ples] o pleded

(iii). Ac B = A“*1 < gl*”]

(iv). (AnB)“” = Al - gl

). (AuB)“A 5 Al*A Bl equal if o+ =1

Proof. (i).
Let xe A/l = M, (0>a, NJ(<B....(1)
Given 6 <a<M,(x) and 0= =N,(X).

Hence M,(X)>=6 and N,(x)<é

This implies XGA[M] ...... (2).
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From (1) and (2) plehl _ plo]

(i).Sincea + <1, impliesthat 1-f>a and <

By part.(i). AP AleA (3)

Again o+ f<1,impliesthat a>a and S<1—a By part.(i). A[“’ﬂ]gA[“’l_“]...m)

From (3)and (4) aAlAAl_ plehl _ plet-a]
Gii). xe APl M (020 N () < 8

AcB=Mg(x)2M,(X)=a, and Ng(X) <N, (X)<p

=M, (X)>a, and N;(x)<8 and so xeB“” Hence oAl gl

(iv).Since AnBc A and ANBc A

Therefore by part (i)
(AnB) AP AP ang (anB)@P) gl ]
- (AnB)“?l c APl ~Blesl (5)

Let xe Al 1ABIAl= xe A*land x e B*7]
=>M,(X)2a &N,(X)<p and Mg(X)2a &Ng(X)<p
=>M,(X)z2a &Mg(X)=2a and N,(X) <& Ny (X)<p
=M, (X)AMg(X)=a and N,(X)v Ng(x)< B
=(MynMg)(¥)2a and (N,NNg)(X)<p
=Xxe(ANB) (6)

From (5) and (6), (An B)[“’ﬂ] = A[“’ﬂ] A B[“’ﬂ]
(v).since AcAuB and B AuUB

Therefore by part (i)

a,,B]

APl aup) @l and Bl*A) (aLp)®”]

a,B]
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— A“1UBlAl c(AUB) A L (7)
Let xe(AUB)“! =(M,UM,)(X)2a and (N,UN,)(x)<p

=>M,(X)2a &N,(X)< B and Mg(X)2a & Ng(X)<p
=>M,(X)vMg(X)=a and N,(X) ANg(X)< S
If M,(X)>a, then N, (X)<1-M,(X)<l-a=p

—xe AA = AeAlples]

Similarly if Mg(X)>a, then Ny (X)<1-Mgz(X)<1l-a=p
= x e B*/1 < A=/ B*”]

We see that x e (AUB)*A] = x e Al*#1  Bl*/]

= (AUB)“A c Al gl 8)

From (7) and (8), (AU B)[“‘ﬁ] ) A[“’ﬁ] uB[“’ﬂ]

Theorem: 3.5

If A is Interval valued intuitionistic fuzzy subgroup of a group G.Then A[a’ﬂ] is a
subgroup of a group G , where M,(e)>a, N (e)<p and e is the identity

element of a group G

Proof:
Clearly A[a’ﬁ] ¢ aS ec A[a'ﬂ]
Let X,y € A[a"B ] be any two elements. Then

M,(X)=a, Ny(X)<pB and M,(y)=a, N,(y)<p
=>M,(X)AM,(Y)=2a and N,(X)vN,(y)<p

As A is Interval valued intuitionistic fuzzy subgroup of G.

Therefore M,y D) 2M, () AM,(Y)>a and N, (xy ") <N, (X)v N, (y) <A

M,(xy )>a and N,(xy')<p

a,p]

— xy L e A“"IHence Al is a subgroup of G
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CONCLUSION
As in the theory of Intuitionistic fuzzy set, Level sets are important tool for the

development of the subject. Similarly in the theory of Interval valued intuitionistic fuzzy

set, (a, 8)-sets are important tools for the development of the subject.
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